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Abstract 

The Born amplitudes for a quasi-multi-Regge kinematics of produced gluons are con¬ 
structed in accordance with the Feynman rules including apart from usual Yang-Mills 
vertices also an inhnite number of induced vertices. The new vertices describe the inter¬ 
action of physical gluons produced in direct channels with the reggeized gluons propa¬ 
gating in crossing channels. The nonlinear gauge invariant effective action reproducing 
these Feynman rules is constructed with the use of the Wilson contour integrals. After 
integrating over the physical degrees of freedom the reggeon action is derived. 


"^Humboldt Preistrdger 

Work supported partly by INTAS and the Russian Eund of Fundamental Investigations, 
grant No. 92-02-16809 



1 Introduction 


The modern theoretical description of the deep inelastic ep scattering at small Bjorken 
variable x = Q‘^/{2mu) is based on the GLAP [1] and BFKL [2] evolution equations. The 
GLAP equation allows one to predict the dependence of the parton destributions ni{x) 
if they are measured at a sufficiently large value of Q = Qo . In turn, the BFKL equation 
determines their x dependance in the small x range. 

The most important distribution at small x is the inclusive gluon density g{x,k±) 
which depends apart from the longitudinal Sudakov component x of the gluon momentum 
k also on its transverse projection k± in the inhnite momentum frame of the proton. 
g{x, k_i) is proportional to the total gluon-proton scattering cross-section in the Regge 
regime s = —k‘j_/x 3> —k^ . In this region the most probable process is the multi-gluon 
production. 

In each order of perturbation theory for gluon-gluon collisions at high c.m. energies 
^/s (s = 2paPb ) the main contribution to the total cross-section atot results from the 
multi-Regge kinematics for hnal state gluon momenta /cq = Pa', ki, ...,kn, kn+i = Pb' '■ 


2 — 1 


n+1 


s:^ Si = 2ki_iki ^ti = gf = ^ krf , JI ^ 11 (1) 

r=0 2=1 2=1 

In the leading logarithmic approximation (LLA) the n-gluon production amplitude in 
this kinematics has the multi-Regge form [2]: 
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Here s^*-**^ are the Regge-factors appearing due to the known fact [2], that gluons in each 
crossing channel ti are reggeized if one takes into account the radiative corrections to the 
Born production amplitude A^ 2 +n- The gluon Regge trajectory in LLA is j = 1 -|- 
where 
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The infrared divergencies in the Regge factors cancel in the total cross section with 
the contribution of the real gluons. The production amplitude in the tree approximation 
has the following factorised form 
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Here A, B and A', B', dr (r = 1, 2...n) are colour indices for initial and hnal gluons corre¬ 
spondingly. pj, = —ifabc are generators of the gauge group SU{Nc) in the self-conjugated 
representation, g is the Yang-Mills coupling constant. 
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are the reggeon-particle-particle (RPP) and reggeon-reggeon-particle (RRP) vertices cor¬ 
respondingly; the quantity = ±1 is the helicity of the gluon r in the c.m.system. In 
LLA the s-channel helicities of colliding particles are conserved. Note that in higher or¬ 
ders of perturbation theory for the RPP vertex this is not the case [3]. The effective RRP 
vertex C(g 2 , <?i) can be written as [2] 


+ 2^) - + 2^ 

kiPA PaPb kipB PaPb 

It has the important property corresponding to the current conservation 

{ki)t,Cf,{q2,qi) = 0 , 


( 6 ) 

(7) 


which gives us a possibility to chose an arbitrary gauge for each of the produced gluons. 
For example, in the left (/) light cone gauges, where pAe\k) = 0 and ke\k) = 0, one can 
use the following parametrisation of the polarization vector e\k) 


e 


i 



k±e^^ 
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in terms of the two dimensional vector e^. In this gauge the RRP vertex takes an especially 
simple form, if we introduce the complex components e = -|- , e* = — iCy and 

k = kx + iky ,k* = kx— iky for transverse vectors e^j_, k± [4] 


= Ce* + C*e, C = 

ki 

This representation was used in [4] to construct an effective scalar held theory for the 
multi-Regge processes. The Lagrangian of this theory includes apart from the effective 
RRP vertex C also the RPP vertex Pi 2 and the helicity conservation is reformulated 
here as the charge conservation. The effective action was derived recently from the Yang- 
Mills theory by integrating over the helds which correspond to the highly virtual particles 
produced in the multi-Regge kinematics in the direct channels s* [5]. As a result of this 
integration the induced terms appear in the Lagrangian. 

The action for the effective held theory [4] describing multi-Regge processes can be 
written in a form which is invariant under the abelian gauge transformations 6V^ = idyX°‘ 
for the helds Vy describing the physical gluons provided that the helds A± corresponding 
to the reggeized gluons are gauge invariant ( 5A± = 0): 

= j d‘x{i(FXf + \i.dL,AX){dxAA+ 


+^9 + (d-AF\)(A_T" a„AA+ 
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where and N± = Nq ± are the light-cone components of the 

vectors in the c.m. system (p'^ = Pb = Vs)- In the interaction part of action (9) 
two hrst terms correspond to the gluon scattering vertices and four last terms lead to 
the production vertex (6). In these contributions one can use the equations d±A^ = 0 
valid in the Regge kinematics. The scalar held version [4] of the effective theory for the 
multi-Regge processes can be obtained from action (9) if one will use the light cone gauge 
(8) to eliminate from V non-physical degrees of freedom. To avoid the double counting of 
contributions of the Feynman diagrams one should remember, that the induced terms in 
the effective vertices appear as a result of the integration over momenta of highly virtual 
particles in the direct channels [5]. Below we shall construct a more general effective 
action invariant under nonabelian gauge transformations. 

The total cross-section calculated in LLA using the above expressions for production 
amplitudes grows very rapidly as s'-^ (oj = In 2) and violates the Froissart bound 

atot < c In^ s [2]. One of the possible ways of the unitarisation of the LLA results is to use 
the above effective held theory [4,5] . 

Another more simple (but not so general) method is related to the solution of the 
BKP equation [6] for multi-gluon compound states. This equation has a number of re¬ 
markable properties, including conformal invariance [7], holomorphic separability [8], and 
the existence of nontrivial integrals of motion [9]. The Hamiltonian for the corresponding 
Schrodinger equation coincides with the Hamiltonian for a completely integrable Heisen¬ 
berg model with spins belonging to an inhnite dimensional representation of the noncom¬ 
pact Mobius group [10]. It means, that the Bethe anzatz can be used for hnding eigen 
values and eigen functions of this Schrodinger equation. Faddeev and Korchemsky have 
shown [10], that for this purpose one should hnd the solution of the Baxter equation for 
an integer function Q{\). 

For two gluons the solution is known [10]. In the case n > 2 one can present Q{X) 
as a linear combination of these solutions, which leads to a reccurence equation for its 
coefficients dk- For example, for n = 3 this equation coincides with the fundamental 
relation for the orthogonal polynomials dk{A) of the discrete variable A being the eigen 
value of the quantum integral of motion obtained in ref. [9]: 

AdVA) = -A - 2{2k + l) - -(dk+i{A) + 4-i(A)). 

Here do = 0,di = 1 and the quantization condition for A at integer values of the conformal 
weight m is dm-iiA) = 0 (for A ^ 0). 

The orthogonality and completeness conditions for these polynomials can be con¬ 
structed: 


dk{A) dk^{A) 

^odm-2(A) d'^_^(A) 


dkki 


k{k + l){k — m + l){k + m) 

2(2A;+ 1) 


^ 2(2fc + l)4(A)4(Ai) 

^ k{k + l){k — m + l){k + m) 


dm-2{A) d'^_-^{A ), A 7^ 0 . 


Nevertheless, their theory is not developed enough to hnd analitically the wave function 
and the intercept of the perturbative Odderon. 
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All these results are based on calculations of effective Reggeon vertices and the gluon 
Regge trajectory in the hrst nontrivial order of perturbation theory. Up to now we do not 
know the region of applicability of LLA including the low boundary for the initial energy 
and the momentum scale for the QCD coupling constant. Note, however, that recently 
the Born production amplitudes for a quasi-multi-Regge kinematics of hnal particles were 
calculated [11] and one-loop corrections to the reggeon vertices were found [3], which will 
allow one to hnd next to leading corrections to the BFKL equation. 

In this paper we want to generalize the effective held theory approach of ref. [4] to 
processes for which the hnal state particles are separated in several groups consisting 
of an arbitrary number of gluons with a hxed invariant mass; each group is produced 
with respect to others in the multi-Regge kinematics. These conditions are more general 
than the requirements for the quasi-multi-Regge kinematics of Ref. [11] where only one 
additional group consisting of two gluons was considered. We show that the ehective 
action for such a generalised quasi-multi-Regge process can be written in a gauge invariant 
form in terms of the Wilson contour integrals. (The Wilson contour integrals were used 
by Ya. Balitsky in his talk at the Fermi Lab Small-x Meeting (September 1994) to justify 
the application of the operator product expansion to the Regge processes in QCD.) 


2 Quasi-elastic processes 


The gluon-gluon elastic scattering amplitude in the Born approximation can be written 
as follows (see [2], cf.(4)): 


1 1 

A tree _ _ me -pv'v+' ' 

^2 — A' ^ ^ 


.4M‘ (P/i',P4)e;. (pb-.Pb) e,.. 


( 10 ) 


where the tensor contains apart from the light-cone projection of the Yang-Mills 

(YM) vertex 

7"'""(Pa',Pa) = 5"'" {pa'+PaY + 5"" {-^Pa+Pa'Y' + {-^Pa'+PaY (h) 
an additional induced term (cf.[4,5]): 


r"'"+(pA',PA) = 7 "'"+(Pa',Pa) - t n+"' 4 (12) 

Pa 

Here the light-cone vectors n~^ , n~ and the light-cone components , k~ for particle 
momenta are dehned in the c.m. system = Pb = ‘^E , s = 4E‘^ iPa = Pb = 0) by fbe 
equations 

n'^ = ^ , n~ = ^ , k~^ = krY , k~ = kn~ , (13) 

E E 

where rYn~ = rYn+ = 2 and d+x'^ = 2. These dehnitions differ slightly from notations 
used in [4,5]. Using the Ward identity for the YM vertex 

{pA')v' Y'^'^'iPAAPA) = {t- p\)Y^ + pY<f + Pa'Pa (14) 
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we obtain the corresponding identity for the effective vertex 


(PA')^r‘''''+{pA',PA) = -Pa + PAiPA)", 


( 15 ) 


where we neglected the small terms of the order of {pbq) / {pbPa) ■ If the gluon A is on mass 
shell {p\ = 0) and its polarization vector e{pA) satihes the Lorentz condition p^e = 0, 
we conclude from (15) that the effective vertex is gauge invariant (pa')u'^'' = 0. This 

means that one can use an arbitrary gauge for the polarization vectors e. 

In the light cone gauge Pb^{pa) = Pb^{pa') = 0 we obtain 

= -m^A'^A) = • (16) 


Therefore taking into account relations (5) one can verify that (10) coincides with (4) for 
the elastic case n = 0. 

Let us consider now the quasi-elastic process in which the hnal state contains apart 
from the particle B' with momentum ps' — Pb also several gluons with a hxed invariant 
mass in the fragmentation region of the initial gluon A. It is convenient to denote the 
colour indices of the produced gluons by Oi, 02 , ...a„ leaving the index oq for the particle 
A. Further, the momenta of the produced gluons and of the particle A are denoted by 

n 

ki,k 2 , ■■■kn, and —ko correspondingly, q = — ki is the momentum transfer. Omitting 

i=0 

the polarization vectors eui{ki) for the gluons i = 0,1, ...n we can write the production 
amplitude related with the single gluon exchange in the tensor representation 


AV 0 V\...Un 

■^aoa\...anB' B 


lVQV\...Un + 
'raQai...anC 


J 9 PbTb'B^^b'^^b ■ 


(17) 


Here the form-factor 0 depends on the invariants constructed from the momenta /cq, --kn ■ 
For the simplest case of one gluon production 0 was calculated in the Born approxi¬ 
mation in [11]. We present this result in the form (cf. Appendix) 


AV01/11/2 + 
T aoaia 2 C 


^2r-pi/0Uii/2+ _ J^c 

y aoaia2C ^ aiao^ a2(i 


7"i"°"(fci,-fco)r"^"+(fe2,fc2 + g) 
(fco + ^ 1 )^ 


_ rpa rpc 

a2CLQ a\a 


7"^"°"(fc2,-fco)F"i"+(fci,fci + g) 

{ko + k2y 


rj.a rj.c 7^^^^^(fc2,-fci)r-°-+(fco,fco + g) , 

a^ai aoa (i^l + ^ 2 )^ ^ 


(18) 


The last three terms in the brackets correspond to the Feynman diagram contributions 
constructed from the gluon propagator combining the usual Yang-Mills vertex (11) and 
the effective RPP vertex (12). The hrst term can be written as 


Yl'0U\V2 + 
aoaia 2 C 


!aQa\a 2 C ' aQa\a 2 C ’ 


( 19 ) 
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where 7 is the light-cone projection of the usual quadri-linear Yang-Mills vertex 


U 0 U 1 U 2 + 


rpa rjic / + 

aiao ^ a2CL\^ ^ 




T“ \ rpc /^U2U0^Ui + 

0200 aia^ c (J J “T o gjjaiaoa\^ ^ 




and A is a new induced vertex 

Ar.2t(4.7.7) = -((n+)‘'»(n7'-(n7-H%^+ 

/Cl /C 2 /Cq /C 2 

Note that due to the Jacobi identity 


rpa rpc 
^ a2(io apa 

and the momentum conservation law 


rpa rpc 
^ a2(ii ^ dQd 


_ rpa rpc 

aiaQ^ a2(i 


( 20 ) 


( 21 ) 


( 22 ) 


kt + kt + kt = Q (23) 

which is valid in the quasi-elastic kinematics at large s the tensor A is Bose-symmetric 
with respect to the simultaneous transmutation of momenta, colour and Lorentz indices 
of the gluons 0 , 1 , 2 . 

Using the Ward identities (14) and (15) for vertices 7 and F one can verify that for 
n = 2 the amplitude (17) is gauge invariant 

= 0 ,* = 0,1,2. (24) 


Let us include the colour matrices in the trilinear YM vertices (see (11),(12)): 

iZZcih,-k„) = -k„), TZZt(h, -k„) = -h,). ( 25 ) 

Then we obtain similarly to (19) 


YU0U1+ _ 120U1+ A ! 2 oi"i+ /on') 

^ aoaic laoaic ' ^aoaic ’ / 

where, according to ( 12 ), we have 

^ZZt(ki,K) = .7 + ki = i). (27) 

In the general case n > 2 for the gauge invariance of 0 (17) one should take into account 
apart from the usual YM vertices 73 , 74 and corresponding effective vertices (26,19) also 
the effective vertices F coinciding with the induced vertices A for an arbitrary number 
r > 3 of external legs 


T^l 20 Ul..Mr-l+(K+ K+ L+ '1 _ \U 0 Ul..Mr-l+(K+ K+ K+ \ 

aoai...ar-ic K'^O ) ''"1 ) ~ ^aoai...ar-ic K'^O ! '^1 ) 


(28) 


Let us consider the contribution of all Feynman diagrams constructed from such induced 
vertex combined by a gluon propagator with the usual YM vertex 7 (25) describing the 
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interaction with an external gluon having the momentum k^- (cf. (18)). Multiplying the 
corresponding expression for 0 in eq. (17) by and using the Ward identity (14) for 7 
we obtain the non-vanishing sum of terms: 


r—1 

E rpa \U0..Mr-l+ (U+ U+ U+ \ u+ i 

arai^aoai...ai-iaai^i...ar—ic\^0 ’ ***’ ^ 2 — 1 ’ ^r—l/‘ 

2=0 


(29) 


To compensate it by higher order contributions the inhnite set of the quantities A should 
satisfy the reccurence relation; 


\U 0 Ul...Ur+(U+ U+ U+\ _ 


aoai...arC 


[n 


+ \Ur r -1 


k~^ 

'^r i =0 


E rpa \Uo...U ,— 1 + tp+ p+ p+ p+ p+ \ 

arai^aoai...ai—iaai+1 ...ar —icV^O > ""i W ruj. ; •••) . 


(30) 


These induced vertices are invariant under arbitrary transmutations of indices i : 


a,;„a,:, ...ai^c ^ 


A ° 

i^aiQLLi-^ •'^21 


aoCLi-.-drC 


(k+,k+,...k+) 


(31) 


due to the Jacobi identity (22) for colour group generators T and the energy-momentum 
conservation 


■£kr = 0. (32) 

i =0 

By constructing 0 in (17) according to the Feynman rules including apart from the usual 
Yang-Mills vertices 7 also the effective vertices T we obtain for it a gauge invariant ex¬ 
pression. 


3 Multi-gluon production in the central region 

In the previous section we considered a generalization of the effective vertices T^,^ = 
Ta'a^a'a in eq. (4) to the case of the quasi-elastic processes. Here we want to generalize 
the effective vertices Tf^^^ = l^e multi-gluon production. For simplicity 

we discuss the following kinematics of the hnal state particles: the gluons A' and B' 
move almost along the momenta of the initial particles A and B and there is a group of 
produced gluons with a hxed invariant mass in the central region y ~ 0 of the rapidity 
y = \ Ai{k'^/k~). The momentum transfers qi = Pa — Pa' and q 2 = Pb' —Pb in this regime 
have (with a good accuracy) the Sudakov decomposition 

Qi = + /5pA, q2 = q2± - ^pb (33) 

n 

where (3 and a are the Sudakov parameters of the total momentum k = '^ki oi the 

2=1 

produced gluons: 


k = k^ + 13 Pa + apB ■, k = k"^ = sa/3 + (gi - ^ 2 )! 


(34) 
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and y/K is their invariant mass which is asumed to be hxed at high energies: k s. 

In this kinematical region the production amplitude has the factorized form (cf. (4) 
and (17)) 


1 1 

^did2....d„A'AB'B — y Pa-'- A'a ' AA' — V'did2...dnC2Ci ':r 9 Pb B'B ' B'B- 
For the case of one gluon emission we have from eq. ( 6 ) 

I'lH— „ — 


rdllc,=9r 


diC2Ci > 


where F is the sum of two terms 


( 35 ) 


(36) 


p^l + - _ + - . 

dlC2Ci /dlC2Ci ' dlC2Ci 


The hrst term is the contribution from the tri-linear Yang-Mills vertex (see (11)) 

, 7 = 2(,2 + ft) - 2k+n- + 2kr A. 


(37) 


(38) 


The second term is the induced one 

71 77 

= r*,A''‘+- , A = -2(i — + -p: . (39) 

Due to the relation (see ( 6 )) 

7 + A = -2C', (40) 

expression (35) coincides with (4) for the particular case n = 1. 

Let us consider now the production of two gluons in the central region. The amplitude 
of this process in the Born approximation was calculated in ref. [11]. The result can be 
written in the form of representation (35) where the tensor ip is (see Appendix): 

-^i) r:)+ci(g 2 ,gi) 

+ k2Y 




did2C2Ci 


= /{r 


did2C2Ci 


TUr^-"{k7, 


{ki 


(fci, <^1 - ft)rga(fcft h + ft) TZZ(M, h - ft)r;;a(*^i. + m) , , . 

(qi-kif (qi-kaf ^ ' 

The second term in the brackets describes the production of a pair of gluons through 
the decay of the virtual gluon in the direct channel. This contribution is a product of the 
effective vertex F, the usual YM vertex 7 and the gluon propagator. Analogously, the 
third and fourth contributions are products of two effective vertices (25) having the light 
cone components ± and the gluon propagator in the crossing channels. 

The hrst term in the brackets is not expressed in terms of the effective vertices which 
appear in LLA . It can be presented as the sum of two terms 


■n!71^'2H-_ -I A !712^2H- 

' did2C2Ci ldid2C2Ci ~r^dld2C2Ci> 


( 42 ) 



where the contribution 7 is the light cone component of the quadri-linear Yang-Mills 
vertex (cf.( 20 )) 


-_ rpd rpC2 (^VlU 2 ^ -h 

id\d2C2Ci ^ d\Ci^ d2d\^ ^ 








and A is the new induced vertex (cf. ( 21 )) 


( 43 ) 


I^1V2^ -_ 


^did2C2Ci 


= -2t2 (n^ 




rpd rpC 2 

r d2Ci-‘- did 


+ 


^d n~'C2 
^ d2d\ ^ c\d 


i^+ ( _i^+ _ h' 

A/i l\j<2 ^ rv-^ nj2 I 


:} - 


2 ti {n-y^{ 


rpd rpCl 

-'j i /2 r 

^2 ^1 


+ 


rpd rpcl 
did2'‘'C2d j 

{—ki — k2) ki 


(44) 


One can verify that A is Bose invariant and symmetric with respect to the simultaneous 
transmutation of di and n~^,t 2 ,d 2 - 

For the gauge invariance of the production amplitude in the case n > 2 one should in¬ 
troduce the induced vertices with an arbitrary number of external legs which are expressed 
in terms of the light cone projections of the vertices (28) 


r 


Vl...Vn-\ - 

di...dnC 2 Ci 


\+Vl...Un- 
^cid\...d 


C 2 




I A 

' ^C2di...dnCi 


{ko k^ ...k; 


where /cq", /cq are determined by the momentum conservation 


(45) 


= = 0 - 
2=0 2=0 


( 46 ) 


In the next sections we consider the gauge-invariant functional formulation of the 
effective held theory for a general kinematics of the hnal state particles in high energy 
processes. 


4 Field description of particles and reggeons in the 
Yang-Mills theory 

Due to the gluon reggeization it is natural to expect that QCD at high energies can 
be reformulated as an interaction theory for physical particles (quarks and gluons) and 
reggeized gluons. Futhermore, after integration over physical degrees of freedom one 
should develop the Reggeon held theory analogous to the Pomeron calculus which was 
invented by V. Gribov many years ago [12]. In comparison with the previous publications 
[4,5] devoted to the multi-Regge processes in this paper we attemp to construct the 
Reggeon calculus for the gluodynamics in a form being similar to one of ref. [12] starting 
from the action for physical gluons interacting with the reggeons having hxed j = 1. The 
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gluon Regge trajectory j = j(t) appears as an one-loop correction to the effective action 
for the bare reggeons. 

It is convenient for us to use the matrix representation of the Yang-Mills field 


= ev 




( 47 ) 


where the anti-hermitial matrices satisfy the commutation relations: 




( 48 ) 


Here are the structure constants and T“ = are the generators of the colour group 
SU{Nc) in the fundamental representation. 

The virtual gluons in crossing channels, which lead to the Coulomb-like interaction 
between the particles with a big difference in their rapidities y = \ /k~) and which 

are reggeized after taking into account radiative corrections, are described by the helds 
related with the light-cone components of the vector-potential Indeed, only the longi¬ 
tudinal part ~ of the gluon propagator gives a big contribution proportional to s. In 
accordance with ref. [4] we denote these reggeon helds by A± . A± belong to the adjoint 
representation of the gronp SU{Nc) bnt they are considered to be invariant nnder the 
gange transformations for which the local parameters x{^) decrease at large x. 

The particles which are produced in direct channels can be arranged in the gronps 
consisting of glnons within some rapidity intervals {y — 2 ^y + f)’ '''^here the auxiliary 
parameter y is chosen to be nnmerically big bnt signihcantly smaller than the relative 
rapidity of colliding particles Y = In s 


1 < ?7 < Y . (49) 

For the interactions among particles inside of each gronp the introdnced parameter 
7] is an analog of the nltraviolet cnt-off in the relative longitndinal momenta. For the 
interactions between the neighbonring gronps y plays the role of an infrared cnt-off. The 
T^-dependence should disappear in the hnal resnlt analogously to the case of the normal¬ 
ization point dependence in hard processes. In the leading logarithmic approximation 
all transverse momenta k± of gluons in the Feynman diagrams are of the same order of 
valne as transverse momenta p± of partons inside of colliding hadrons [2]. This means 
that the c.m. pair energy of the neighbouring gluons in the mnlti-Regge kinematics 
is signihcantly bigger than p± and the effective parameter of the pertnbation theory is 
\n{s/p\). Beyond LLA one should introduce the above parameter y in the analogous 
inequality for the pair energies of the neighbouring clusters of particles 

in^ > y . 

Pi 

We include this condition in the bare propagator of the reggeon helds A± following 
the Gribov approach [12] for the pomeron case 

< Ai(^^,p)A^(0,0) > ~ e{y'-y-y) S^{z) In |p| . (50) 

Here and p are correspondingly the light-cone and transverse components of the gluon 
coordinate x^. We took into acconnt also that in the qnasi-mnlti-Regge kinematics the 
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reggeon momenta are transverse vectors = qj_) and in the effective vertices one can 
consider A+ (^-) as the fields independent of ( 2 ;+) (cf.[4]): 

d_A+ = d+A_ = 0. (51) 

The vector-potential v can be presented in a simbolic form as the following sum of its 
components and A^ describing correspondingly the gluons in the direct and crossing 
channels with the rapidities y inside of the interval y: 

V = ( 52 ) 

y 

Such representation is natural for the case, when V and A± have the same transformation 
properties. However, according to our agreement V and A± are transformed differently 
under the gauge group. Using the freedom of choosing an arbitrary parametrization of v 
in terms of V and A± we shall modify later expansion (52) to satisfy the requirement of 
the gauge invariance (see eq.(75)). 

Because the interaction is local in the rapidity except of the long-range correlation 
between A^ and in (50), we shall omit the index y for all fields further on. The usual 
Yang-Mills action for the gluons inside of each rapidity interval {y — y,y + y) after using 
decomposition (52) takes the form: 

Sym = — j df'xtr {—— [Dni Gy+\A- -\- AJ\ — 

+ |g+_|A_, A+] - \lD^,A_f - \lD_,A^f+ 

+ — ^[^+1^-]^} > (53) 

where and are respectively the covariant derivative and field strength tensor of 
the Yang-Mills field 

D^ = d^ + gV^ , G^, = D,] = + g[V^, K]. (54) 

The infinitesimal gauge transformations of V and G are 

dVf, = [T>^, x] , = g [G^^, y] , (55) 

where x is a small local parameter. Action (53) describes various interactions of produced 
particles and reggeons. But we know from the previous sections that one has to add to 
this action extra terms to reproduce the induced vertices (28) and (45). They correspond 
to the coherent emission of gluons belonging to a given rapidity interval by neighbouring 
groups of particles and are needed in particular to provide the gauge invariance property 
of A± in accordance with the modified version (75) of representation (52). We construct 
these induced terms in the next sections. 
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5 Effective action for quasi-elastic processes 

To begin with, let us consider in the effective action the linear terms which describe 
quasi-elastic processes: 


Si =- j d'^x tr [j- A+ j+ A_]. (56) 

Here each coefficient j± is the sum of a modified Yang-Mills current and an induced 

contribution 

i± = ir(57) 

The Yang-Mills current appearing in action (53) is covariant under the gauge trans¬ 
formations (25) 


= = g[3l^,x] • (58) 

It vanishes classically due to the equations of motion = 0 being valid in the tree 

approximation. The modified current is invariant under gauge transformations (see 

(61)) and vanishes also on the mass shell. 

The induced currents and depend only on V- and V+, respectively. Let us 
consider for example which describes the gluon production along pA ■ Using the 
reccurence relations (30) being equivalent to the requirement of gauge invariance of the 
current one can construct as a series in the QCD coupling constant 

= ciiAv- - gy-Y^- + g^y-j-y-Yy- (59) 

where the transverse Laplacian corresponds to the common factor = —t in the 
induced vertices (21, 27) for the quasi-elastic processes. The infinitesimal gauge transfor¬ 
mation of is given by 


6]-“ = -8lAB_^xS- -8-X^8J\ = a_. (60) 

Using the smallness of dxpA± (see (51)), we obtain from (60) in accordance with reccurence 
relations (30) , that effectively = 0 up to the terms giving a vanishing contribution 
in expression (56) after integrating by parts for y which decreases as 00 . Therefore 

for gauge invariance of Si (56) one should consider A± as gauge invariant fields. In 
accordance with the invariant properties of one has to modify the Yang-Mills current 
(58) as follows 

-^YM ^ u-\VAj'P' U(VA . u(VA^i-g^y± + </Ay±f= . (ei) 

o± o± u± 

Here U{V-) is the matrix transformed according to the fundamental representation of the 
gauge group 6U = —gxUi which provides = 0 . Such a modification is possible. 
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because both and are vanishing due to the equations of motion and lead 

therefore to the same production amplitude in the tree approximation as discussed in 
section 2. In particular this yields the cancellation of the poles 1/d^ in which 

otherwise would contradict the requirement of absence of simultaneous singularities of the 
production amplitudes in the overlapping channels s* and t . Note that this requirement 
is fulhlled for (59) due to the common factor dj_^ which cancels the pole 1/t . 

Thus, under the gauge transformation (55) with y decreasing as cx) the total 

current (57) is invariant 


6j± = 0 . 

up to total derivatives d±. giving due to (51) a negligible contribution to (56) for y de¬ 
creasing at > oo. After integrating by parts in (56) the terms in eqs. (59) 

and (61) cancel and the perturbative expansion for the total current j starts with the 
contribution quadratic in V and corresponding to effective vertex (12) 

j- = 9{[U. S-UJ - |S;.U. V] - 2iv„a,v_] - dl ]} + 


+ y{IU,[v,vj| + a2 viviv + |£", + 0(£), (62) 

where 


= d,d.V, - dlv. + g{[V,, d.V,] - VJ\ - 2[V,, d,VJ\} - [V,, [V,, IT]] (63) 

vanishes due to the equations of motion valid for quasi-elastic amplitudes in the tree 
approximation. Note that the quantity A\ can be considered as a classical component of 
the Yang-Mills field v. We shall discuss this possibility later. 

The singular coefficients 1/d^ in expansions (59) and (61) are integral operators with 
unspecihed boundary conditions. A similar problem occurs in the Feynman diagram 
approach to gauge theories if one uses the light cone gauge = 0 because the gluon 
propagator in this gauge is proportional to the tensor 

(64) 

a_ 


containing the pole at d- 
prescription [13] 


0. For this pole one can use the Mandelstam-Leibbrandt 


1 ^ _ 
(9_ (9+(9_ — ie 


(65) 


In our case due to the infrared cut-off (50) in the quasi-multi-Regge kinematics these 
singularities are absent in the integration region. The appearence of the poles in d- is 
related with the fact, that effective action (56) is nonlocal because it is expressed in terms 
of the Wilson contour integrals which depend generally on integration paths. 


13 



To clarify the last assertion we shall derive the hrst term of action (56) using another 
method. To begin with, note that in the right light cone gauge VT = 0 where gluon prop¬ 
agators are proportional to tensor (64) all induced interactions are not essential and we 
can calculate the quasi-elastic amplitudes using the hrst two terms of the usual Yang-Mills 
action (53). Furthermore, the vector-potential in this gauge can be expressed in terms 
of the vector-potential V in an arbitrary gauge by the following gauge transformation: 


Y; = U-\V.) {V, + -d,) U{V.) , U{V.) = P exp(-| J dP-V.), (66) 

^ -oo 


where the operator P implies the ordering of colour matrices in the Wilson contour integral 
U{V-) in accordance with the increasing of the held arguments x'~. 

One can write down the operator representation for UiVP) and U~^(yS)\ 

where it is implied, that U and U~^ act on the unit constant matrix from the left and 
right hand sides correspondingly. 

The total current j_ in the right gauge contains only the term bilinear in helds W: 

j_ = g[v:,d.v:i m 

where is given in eq.(58). 

Inserting expression (66) for VJ in the representation (68) and using the gauge covari¬ 
ance of (58), we obtain the total current in the gauge invariant form: 

J_ = u-\v.) U{V.) - d^d. y; . (69) 


This result can be transformed to (57). Indeed, the hrst term is (61) and the second 

term can be reduced to (59) using the smallness of the factor d- after integration by 
parts in eq.(56) (see (51)) if it is not compensated by the singularity 1/d- in expression 
(66) for VJ: 

- d- y; ^ -d^, d- - d^„ UiV-) = j“"(Y_). (70) 

9 

If the equations of motion for V are fulhlled the total current j± in (69) coincides with 

jind ('yQ) . 


U - -s±sl1c/(14) . (71) 

We can use this expression for j± to construct the scattering amplitude in the approxi¬ 
mation of the quasi-elastic unitarity for the kinematics where in the intermediate states 
of the s and u channel there are two gluon clusters with hxed invariant masses moving in 
the opposite directions along the momenta pa and ps ■ To begin with, let us neglect all 
terms depending on A± in Lagrangian (53) except of tr{dAaA+){d±aA-) and the linear 
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terms in (56) with substitution (71). After performing the gaussian functional integration 
over A± leading to the gluon propagators in the crossing channel, we obtain the 

following effective action for this double quasi-elastic process: 

Sdoubi = -J d^xtr^G% + AS =-^J d^xtr , {72) 

where U (V±) are the Wilson exponents ( 66 ). The integrals over in the second term can 
be calculated and we obtain for this contribution the action of a two-dimensional a-model 

AS = dV tr {d^^T{V.)){d^^T{V+)) , (73) 

where 

OO 

T(f4) = P exp(-| J dx^V±) . (74) 

— OO 

This (7 model was earlier derived by E. Verlinde and H. Verlinde [14] using other argu¬ 
ments. Note, that in our approach the Yang-Mills term — / responsible for 

the gluon interactions incide of each of two produced clasters is essential. Indeed, only 
due to the Euler-Lagrange equations for the Yang-Mills action one can substitute j by 
in (57). Eurther, even after solving the above a model we should take into account non- 
eikonal corrections from the Yang-Mills interactions in the intermediate states to obtain 
the S'-matrix with the full quasi-elastic unitarity. For example, in QED the contribution 
analogous to action (73) is trivial: 

AS = ^ J d^x {d±aV-){d^„V+) 

and corresponds to the generalized eikonal approximation for scattering amplitudes. Nev¬ 
ertheless, it is known, that in higher orders of the perturbation theory one should take 
into account apart from the elastic eikonal contribution also the screening effects appear¬ 
ing due to the pair production. Action (72) can describe quasi-elastic processes, 

but even in LLA one should consider also the gluon emission in multi-Regge kinematics 
( 1 ) leading to the gluon reggeization which can not be obtained in a simple way in the 
framework of the above a model. In the next sections we construct the other terms of the 
action which are responsible for more general quasi-multi-Regge processes. 

6 Effective action for gluon production in the central 
rapidity region 

As it was stressed above, there is an ambiguity in expansion (52) of the total Yang- 
Mills held V in its components and which describe particles in direct channels 
and reggeized gluons in crossing channels, respectively. Using in fact this ambiguity we 
substituted the Yang-Mills current (58) by the modihed current (61) . This modihed 
current appears in the action as a coefficient in front of the linear term in the 
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expansion over A± if we chose instead of (52) the different decompositions for each Lorentz 
projection of 


= E''-Lc. t'± = E{'? +(75) 

y y 

where U{A±) are determined in eqs (61, 66) . 

In particular, using representation (75) and results (37), (42) and (45) from our discus¬ 
sion of the gluon production in the central rapidity region we can write the corresponding 
action bilinear in helds A± in the following form (cf. (56) and (57)) 

S 2 = - J d^x . (76) 

The Lagrangians /."iVM jjmnd certain modihcations of the Yang-Mills contri¬ 
bution (see (53)) 

lP' = tr{[D„A+][D„A_] - 1 ] + |g+_|^_,A1} (77) 

and of the induced contribution (cf.(45)) related to the induced currents (59) as 

ip = trA_JL tr {jp(VG) - dl,V_] A+ + 

+ trA+-^ tr {ii”-'(n) - aiW+} A- , (78) 

where it is implied, that after differentiating j_ and over I/_ and V+, respectively, 
the helds A_ and A+ substitute the helds IT and 1+ at the corresponding empty posi¬ 
tions. In (78) we subtracted the kinetic terms because they appeared already in as 
('9 ±^^+)(i9_l^A_) . The modihcation of contributions (77, 78) is needed to provide the 
gauge invariance of action (76) in accordance with our prescription for the helds A± as 
invariants of gauge transformations (55) with y decreasing as cx) . In the case of 

the YM term (77) this invariance leads to the necessity of the redehnition of the reggeon 
helds A± in accordance with new decomposition (75) of helds v 

^ U{y^)A±U-^{y^) . (79) 

This procedure gives the following result for the modihed Yang-Mills contribution 
after using the covariance properties of and eq.(51) for the derivatives d:^A± : 

L”'-" = tr { [bH , A^ ] W |£>W , A.] ^ + 

+ gtr{ (a+CW) 4 71+ W + (a_q-') +1+ WA. i}, (80) 
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Here the gauge invariant matrix W is given by 

W = L/(V+) = (1 + |-Vh)(l + (81) 

and the quantities !/(=*=) are determined as 

£)W = c/-‘a4)r>,(7(i4), yw = c/-'(U)UC'('4). (82) 

Now let us consider (78). Its modihcation which is compatible with the gauge 
invariant properties of S 2 is given by 

^mznd ^ u(^v+)A_U-\V+)-^tr fA‘^A++ 

+ trUiV_)A^U-\V.)j^trf^\V^)A_-tr{A_dl^A^ + (83) 

aV+ 

This representation is again in accordance with our redehnition (79) of the helds A± in 
action (53) including now apart from the Yang Mills contributions also the induced terms. 
jjnind jg coustructed in a such way that it can be obtained from the linear terms in 
(56) if we substitute the helds V± in eq.(59) for by the total held v± and expand the 
result up to the linear term in A±. after using the new decomposition (75) of helds v 

J±\V^) ^ J±\v^) - J± "(7l±) = J± "(74) + 17(l4)7l±17-i(V4)^j“''(Y±) + ... . (84) 

The perturbative expansion of the Lagrangian in action (76) into a series over V)j is 
given by 


L^ym ^ ^^^nd ^ [(d^^A+){d^^A_)+ 


+9 {—V±it[d±^A+, A_] + V±f^[A+, d±f^A_] +-((9_I/+— (9+Y_)[H+, H_] — 
“[•9^4+, A_]—V- + [H+, 1/+ + Ki} + 

+/{ [14^,4+]+ i[Y_,4+][I4,4_] - ^[ 14 , Y_] [4+,7l_] + 

(a_4vTv^_ + y-rA-TA- + + 
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+ +*■=} + o(9'> 1 ■ (®> 

CXD 

The total contribution of the sum K = J2 appearing in (85) and of the terms in (62) 

r=l 

which contain can be written as a perturbative expansion of the following expression: 
AL2 = L^^{V + UAU-^)-L^^{V + A) + 

tr {A_[f^^{V + UAU-^) - + A)] + A+lfA^V + UAU-^) - fA\V + A)]}. (86) 

Here we have used short-hand notations for two different representations (52) and (75) of 
the total held v. Expression ( 86 ) is zero due to the equations of motion for the held V 
because it is a diherence of the same ehective Lagrangian for two various parametrizations 
of V. In the next section we shall discuss the corresponding ehective action Seff{v) for 
quasi-multi-Regge processes in QCD for an arbitrary parametrization. 

7 Reggeon calculus in QCD 

From the results of the previous sections we conclude that the gauge-invariant action for 
the gluon-reggeon interactions which are local in each rapidity interval {y — 'f],y + 'f]) can 
be written in terms of the Yang-Mills held v and the reggeon helds A± as follows 

Seffiv, A±) = - J d‘^x tr {^Gl^iv) + [7l-(n-) - + [A+{v+) - A+]fA^} . (87) 

Here R±(v±) = are composite helds (see (70)): 

1 11 1 
^±(^'±) = v±-gv±—v± +g‘^v±—v±—v±-... = — d±U{v±) 
d± <9± (9± g 

and = j^^{A±) are reggeon currents satisfying the kinematical constraints dzf.j±^ = 
0 (see (51)) which are important for the gauge invariance of action (87). Note, that 
expression (87) is similar to the hrst Legendre transformation from the Yang-Mills action, 
but instead of its stationarity in one should use the on-shell condition for A±: 

jT = 

to express through A±. It is related with the fact, that action (87) describes only 
interactions in the given rapidity interval and the interactions between the particles with 
diherent rapidities will be taken into account in the framework of the reggeon held theory. 

One can add to action (87) also the quark contribution / d‘^x'ip{iD — m)'ilj. It lead 
to an additional term gijj'j^il) in the Yang-Mills current appearing in classical equations 
( 88 ) without other essential modihcations of the theory. The more complicated ehective 
action including also the helds a± describing the reggeized quarks can be constructed for 
the backward scattering processes with the fermionic exchange in the crossing channel 
(cf.[5]). Note that for the case of the electroweak theory one should add to action (87) 
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the terms which are responsible for interactions of quarks, leptons and the Higgs particle 
(cf.[ 2 ]). 

Now we want to consider the problem of constructing the Reggeon calculus in QCD 
starting from the effective action (87). Because H±(n±) has a linear term in v± the 
classical extremum of S'e// (87) is situated at non-vanishing values oi v = v satisfying the 
gauge-invariant Euler-Lagrange equations 

jlaiy) = 0 , = -U{v^) {dl^A±) U^iy^) . (88) 

Here the matrix 77(n=p) is determined in eqs.( 66 , 67) and the transposed matrix is 



1 

l + gv^d-^ 


which is supposed to be multiplied by a constant unit matrix from the left hand side. 

Due to the invariance properties of A± under the solution v of eqs.( 88 ) is degenerate. 
We use here the Feynman gauge in which the gluon propagator of the held v is 5^^/k"^. 
Taking into account that and are negligible in the multi-Regge kinematics 

(see (51)) one can construct the following perturbative solution of ( 88 ) 


'5+ = + syq [(9i„.4+), + 0(y) , 


f._ = yi_ + gc);q[(aL^_), (0;^+)] - + 0(9'^), 

v_Lo- = 2 ^ {[A+^d^aA-] -I- [A_,d±aA+]} + 0{g^) . (89) 

The effective action calculated at the classical solution v = v 

S^ffiA±) = - J {^i^±<^^-)i9L<rA+) - 

-lg((Sl,A.)l(d;^A^),A^] + (al,A^)[(d-_^A.),A.]) + 0 ( 9 =)} (90) 

describes generally all possible self-interactions of the Reggeon helds A± in the tree approx¬ 
imation. In particular, the tri-linear term is responsible for the transition of the reggeon 
corresponding to the held A± into the state constructed from two reggeons described by 
helds A^. This transition is suppressed for the case of the elastic amplitude according 
to the Gribov signature conservation rule, because the signature of the reggeized gluon is 
negative. Nevertheless, it was argued [15,16], that the inclusion of this triple reggeon ver¬ 
tex simplihes the reggeon calculus and clarihes the mechanism of the gluon reggeization. 
Note that this vertex is proportional to and contains the singularity corresponding 
to the contribution of diagrams in which there are highly virtual particles in the direct 
channels [5]. The quadri-linear term contains the transition of one reggeon into the state 
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constructed from three reggeons [16]. This transition is not suppressed by the Gribov 
signature conservation rule. There is also a contribution which describes the scattering of 
two reggeons and gives in particular the integral kernal for the BFKL equation [2]. The 
six-linear term leads to to the pomeron self-interactions which are responsible for screen¬ 
ing corrections [16]. All these terms can be obtained using the perturbative solution (89) 
of classical equations for the effective action (87). We hope to return to these problems 
in future publications. 

To calculate higher loop corrections to the Reggeon Lagrangian one should write the 
held n as a sum of the classical held v and the held e describing quantum huctuations 
near the classical held (cf.(52, 75)): 


V = V -\- e , 


( 91 ) 


expand the action in e (cf(53)): 

AS = Seff - Seff = - j d^xtr - [D^,ey\[Dy,e^,] + gG^y[e^,ey\ + 




9 )(, 9 +o(.3)}. 


( 92 ) 


and calculate the functional integral over the quantum huctuations e. Using the gaussian 
approximation one can hnd in particular the one-loop correction to the BFKL kernal in an 
independent way in comparison with the dispersion method of refs.[3],[11]. The possible 
advantage of this approach is a better infrared convergency of intermediate expressions. 
To calculate the two-loop correction to the gluon Regge trajectory one should expand 
Seff up to taking into account the terms bilinear in A±. These important problems 
will be discussed elsewhere . Here we use expressions (89) to hnd AS (92) only up to 
quadratic terms in e and bilinear in A±\ 


AS 


d‘^xtr{{d^e^f - {d^e^){d^e^) + g{2{d^e^)[v^,ey 


2((9^6^) ey]-|- 


+2{dyV^)[eu^e^j] — {d‘]_^A+)e-—e_ — ((9]^^A_)e+—e+ }-|- 
^v][A-, ey\ — ^-] ~ 


(9; 


’±a^-)i(^+-g 


1 1 . 
G-\-— —A-i 


.94 


Ta+W+4+WW)}}, 


( 93 ) 
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where one should substitute v by expressions (89). The terms bilinear simultaneously in 
A± and in e can be used for hnding next to leading corrections to the BFKL pomeron. We 
consider here only the contributions which are linear in A± and contain the singularities 
Expanding the integrand exp {—iSeff) in the functional integral over e up to the 
higher order terms containing linearly both A^ and A_ and substituting the products of 
e+ and e_ by the free propagators in the Feynman gauge 


< e_(a;)e+(0) >= —2i 


dAk 1 
(27r)^ kd + iQ 


expiikx) , 


(94) 


we obtain the corresponding one-loop contribution to the effective action in the form 
(ct.(51)) 


cl _ 
- 


ck^X I (Ax' 


dytr {--){d^„Ay_{x_, Xi_)) {d±aAl{x+, x'j_)) 


~ (95) 

where <5 —0 and A is proportional to a hctious gluon mass, introduced to remove the 
infrared divergency. The helds A^ are determined in section 4 (see (52)). The appearence 
of the integral over the rapidity y = \ Ai{k''^/k~) is related with the fact, that due to the 
singularities <9^^ corresponding to the propagators of intermediate gluons in the direct 
channel we calculate really the contribution of the box diagram which contains In s. The 
Fourie transform of the expression in the last line of (95) gives just the gluon Regge 
trajectory (3) 

^{t) = [ d^x±exp{iqx±) - 2 7i6^{x±) In^}. (96) 

(27r)'^ j \x±_\ oX 

In accordance with our agreement (50) concerning the regularised propagator of the 
reggeon helds A± we modify their kinetic term in expression (90) 

= -JdyJd*xtr^ (d^^Al) ^ (a^.Rf’'). (97) 

It leads to an additional factor 6{y' — y — p) in the free correlation function of the helds 
A^_^_ and A^_. The dependence on the auxiliary parameter p should disappear in the hnal 
result, as it was argued in section 4. With taking into account the one loop correction 
S'gjj the renormalized correlation function corresponding to the sum of expressions (95) 
and (97) contains the Regge factor exp(ci;(g^) {y' — y)) in the momentum representation: 

J d^xi_ exp{ix^q) < A^l{xA_)AA-iA) >ren~ 0{y' - y - p) exp(a;(g^) {y' - y)) . (98) 

It is well known [2], that the infrared divergency in the gluon Regge trajectory (96) at 
A —0 is cancelled in the BFKL kernel with the contribution corresponding to the real 
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gluon emission. This contribution appears in the classical reggeon action (90) as a quadri- 
linear term in A±. We shall discuss the mechanism of this cancellation in the framework 
of this functional approach somewhere else. 

Note, that if one wants to construct not only the reggeon vertices, but to compute also 
the production amplitudes in the quasi-multi-Regge kinematics in the tree approximation 
(see sections 5 and 6), the effective held theory describing all possible interactions of the 
reggeon helds A± and the particle helds can be derived from the action (87) using the 
known functional methods for calculating the S'-matrix elements [18]. For this purpose 
one should hnd the solution of classical equations (88) with a hxed asymptotic behaviour 
Vfj, for Vfj, at t ^ ±cx) and put this solution in expression (87), obtaining the generating 
functional for the S'-matrix elements. Futhermore, the reggeon-reggeon-particle vertex 
in one loop approximation [3] can be calculated by hnding the contribution from the 
quantum huctuations near the classical solutions. 


8 Conclusion 

In this paper we constructed the gauge-invariant effective action (87) describing the in¬ 
teraction of bare reggeized gluons and physical gluons within the rapidiy interval rj. By 
eliminating the Yang-Mills held with the use of equations of motion (88) the reggeon 
action (90) is derived in the tree approximation of perturbation theory. One can calculate 
one loop corrections to this action, which leads in particular to the gluon reggeization 
(98). One loop corrections to the BFKL kernel are urgently needed for the consistent 
theoretical description of the small-x structure functions measured at HERA. 

The possibility to represent the initial Yang-Mills theory in the form of a reggeon 
held model with the ehective vertices calculated perturbatively is important, because 
the s-channel unitarity of the S'-matrix for the theory with action (87) is transformed 
into various relations among the reggeon vertices. Therefore the multi-reggeon dynamics 
in the crossing channel turns out to be in the agreement with the unitarity constraints 
in the direct channels. The reggeon calculus can be presented as a held theory in the 3- 
dimensional space [12] where the two-dimensional coordinates p = x± describe the impact 
parameters of the reggeons and the time coordinate y is their rapidity. The Schrodinger 
equation for the wave function T”(pi,p 2 , ■■■Pn) of the colourless glueball with a complex 
spin j = 1 + u includes generally the components with an arbitrary number n of the 
reggeized gluons and the transitions between these states can be obtained from action 
(87). However, in the generalised leading logarithmic approximation the number of the 
reggeised gluons is conserved. The BKP equations [6], obtained in this approximation, 
have a number of remarkable properties in the multi-colour QCD [7-10]. One can believe 
that at least some of these properties will survive in the above reggeon held theory. 

The method of constructing the effective action, describing the quasi-multi-Regge 
processes in the Yang-Mills theory can be generalised to the case of quantum gravity, 
where the tri-linear effective vertices for the reggeon-particles interactions are known [18]. 
For the multi-Regge kinematics the action was given earlier [4]. It was used for hnding 
the scattering amplitudes at super-Planck energies [19]. Recently this action was derived 
from the Hilbert-Einstein action by integrating over the heavy modes [20]. The action 
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responsible for the quasi-multi-Regge processes in gravity can be written in the form 
similar to eq.(87): 


s = /g + j d‘x (99) 

where Iq is the Hilbert-Einstein action, the helds and A describe the regeized 
gravitons in the t-channel. The quantities and are the light-cone components 
of the Richi tensor calculated in the linear approximation over the graviton helds 
fip" = — SP" in the left {h~" = 0) and right {h~^" = 0) gauges correspondingly. The 

discussion of this action will be given somewhere else. 
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Appendix 

Below we write down the results of ref. [11] for production amplitudes of quasi-multi- 
Regge processes in the Born approximation using slightly different notations and calculate 
corresponding matrix elements in the light-cone gauge. To begin with, let us consider the 
quasi-elastic process of one gluon emission in the fragmentation region of the colliding 
gluon A. The momenta of the final state gluons are ki,k 2 and ps', the momenta of two 
initial gluons are —ko and p = ps- The corresponding Lorentz and colour indices are 
Oi, 02 , Oo, B', B and z/i, z/ 2 , 1 ^ 0 , f3', {3. We introduce the invariants: 

t = {ko + ki + k2Y = , <Si2 = {ki + k2)‘^ , ti = {k^ + kiY , t2 = {ko + ^ 2 )^ 


and the Sudakov components of momenta ki,k 2 - 

ikipp) 


Pi ,2 — 


{PaP) 


Po — 


Then the production amplitude given by eq. (22) from the second paper in ref. [11] can 
be written in the form of eq. (17) with 

0 aoaia 2 C = ^ [o-2, ^2, k2])} , 

where according to eq. (23) from ref. [11] the tensor is given by 


puo p‘'ik’(^-k^^p’'2 ]^’^ipU2 k'pk'p A 1, CC' 


P2S^ 


S 12 S 


P 2 SU 


+ 


- + — 


+ 


t ti S12 -S12 t tti 


+ 




p^ip^2 [k'pp'''^ — p'^^k'i) ,1 1 , P^^k^ 




023% 


+ 


st 


ti S12 stit 




Si2St 


sUt 


2 \ Si2Sf t ti Si 2 ^ Si 2 t ) 


2 \ ti P2 ti st tit ° ri 512"^ t 


2 y st tit sut J 
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One can verify that this expression for coincides with (18) up to the terms which 

are proportional to and give a vanishing contribution for the polarization vectors e{ki) 
satisfying the Lorentz condition k'^'e'^'iki) = 0 . They are gauge invariant and in the right 
light-cone gauge with e{ki) = e_L(/cj) — ps {e±ki)/{psh) the matrix element of a can be 
written as follows 


e"°(A;o)e"n^i)e"HA:2)a 


- III 


where the tensor m has only transversal components and reads 


m 


yii'21'3 _ ^-L 




5?"^ /A 



+ 


2 \f3itit 




1 

Sl2t 


(A;- 



Here we took into account that ko± = 0. This expression can be used for finding the 
one-loop correction to the residue of the BFKL pomeron. 

Let us consider now the quasi-multi-Regge process of the double gluon emission in the 
central rapidity interval at high energy gluon collisions. The production amplitude of this 
process in the Born approximation was calculated in the second paper of ref. [11] and 
according to eqs (60),(61) and (62) from this paper it can be written in the form of above 
eq. (35) with 


raiztc, = ^9- 


{t: 




[d2,l^2,k2])} , 


where 


a? a? b^bZ L sa^\ b^cZ ( t2 _ 

t s \ t ) s \s/32il3i +/32) t J 


c^bZ f h _ s(32pi \ _ C 1 T 2 " A \ 

s ysQ;i(Q;i-|- 02 ) ^ / s \ t Ay 


-2{5 


UiU2 


2kZkZ ^ 1^1 + 1 sai(32 - sa2f3i 

K \ K t K 


tia2 


t2fdi 


K{ai + a2) K(/5i-f/52)^ 


Here we introduced the notations 


ai = 2 (aipB + qi- (A + —)pa + -k^ , 
V sai K J 
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as = 2 (p2PA -q2- (^2 + ^)Pb + ^kA , 


bi = 2 {pb - —k2), &2 = ‘2{pa - —ki), 

K K 


Cl = 2{pa - —/C 2 ), C2 = 2{pb - —ki ), 

K K 


K= {ki + k2f , t= {qi- kif , ki = PiPA + ctiPs + kx 


and q^= Pa- Pa' , ^2 = Pb' - Pb ■ 

Note, that due to the gauge invariance = 0 of the amplitude the contri¬ 

bution of the Faddeev-Popov ghosts to the production cross-section is zero [11]. One can 
verify that the above expression for 'p'Ad 2 cA coincides with eq. (41) in section 3 up to the 
terms proportional to k^ or k '2 which give a vanishing contribution to the amplitude due 
to the Lorentz condition kicAkp = 0 for the polarization vectors e{ki) of the produced 
gluons. It is a consequence of the fact, that up to the same vanishing terms the tensor 
A^^^^ can be written as the sum of contributions of the Feynman diagrams with effective 
vertices given in sections 2 and 3 : 

^ 1 F^i^-(/ci, ki - gi)F^^^+(/c2, fcs + ^2) _ I {k 2 ,-ki)T^+-{q 2 , qi) 

2 (gi - kiY 2 {ki + k2Y 




1 

_ PaPa -^ 

2 cxiyOii -|- 02 ) 


+ 4 


PbPb 


S^P2{Pl + P 2 ) 


1 


where 


v'^^^AkiAi-qi) = A^^AkiAi- 


qi) - tin 


ki 


-n 


: 


n 


{q2,qi) —{q2,qi) — ‘2ti j_+2.t2j^ 


n 


ki “1“ /c2 


‘kZ + kj 


and '^'"'^'^{paapA is the usual Yang-Mills vertex (11). 
Because satishes the Ward identity 


klA^^^ 


tv2 


1 kZkt 

2 (gi - kiA 


1 fcfF^+ (g2,gi) 

2 {ki + k2Y 


the contribution of the Faddeev-Popov ghosts to the cross-section is hxed. Instead one 
can calculate the matrix element of between polarization vectors e{ki) with dehnite 
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helicities and sum its square over all possible helicity states. It is convenient to use for 
e{ki) and e(/c 2 ) the left and right gauges correspondingly 


In \ i 

e\ki) = -— PA, = e\ - —ps- 

PaKi psh 

In these gauges the matrix element of the tensor can be written as follows 

Here the tensor has only transverse components and equals 

V, fci. h) = 4{^ - _ 22^^)+ 

IK, P2 « cq 


pi'l 2 ^^2 „2 

^1±^1± V2± _ '^2±'^2± Via 

K scyi[/3i + P 2 ) ^ ' 5 / 32 ( q:i + q ; 2 ) 


pi'i p^2 
K 


t 

saiP2 


) 


+ 


^2±^1± 1 


^ , s/32ai-sa2/3i gL «2 A ^ 

/Oj^ U H I - I ; "5 'r~p~) ’ 

K t K K ai + 0:2 « Pi + P 2 

where g = qi — ki, t = q^. After summing over the polarizations of the intermediate 
gluons with the use of the relations 




:(k)e‘f(k) = -St ,, n„Ak) =y.t.(k)e‘:(k) = -St, + 2 


sr-L 


l * / 


k_Lak_to 


one can obtain one loop contribution to the BFKL kernel from the quasi-multi-Regge 
kinematics of intermediate gluons (see [22]). It is proportional to the integral over the 
produced gluon momenta from the quantity : 

J2AA = qn a''^''^{qi,q2;ki,k2)a''^''^{q[,q2;ki,k2) + 


+hNkla'a{ki)klp:p{k 2 )a‘^''{qi, q 2 ; ki, k 2 )aP'‘''{q[, q 2 ; k 2 , ki) + {ki ^ /cs). 

Here g' = qi — Q and Q denotes the total momentum transfer and and are the 
known colour factors 


gN = tr , Hn = tr {T^T^f . 

Matrices T* are the colour group generators. Note that the above expression for '^AA 
is much more complicated, than the result guessed in ref. [17]. It can not be written 
as a product of two factors depending on longitudinal and transverse momenta corre¬ 
spondingly. The integration over the squared mass k of the produced gluons contains the 
ultraviolet logarithmic divergency . According to our discussion in section 4 we should 
introduce an intermediate parameter p which allows us to dehne clusters of particles in 
the hnal state. The invariant mass of the particles inside each cluster is restricted from 
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above by this parameter. Therefore, after integration over k the result will contain the 
term linear in rj which cancells the analogous infrared divergency at a small relative ra¬ 
pidity for two neighbouring gluons produced in the multi-Regge kinematics. The hnite 
one-loop contribution to the BFKL kernel is obtained by the subsequent integration of 
the constant term ~ rf over transverse momenta ki^ for hxed This constant 

term can not be presented as a sum of contributions for contracted Feynman diagrams 
in the transverse subspace contrary to the assumption made in ref. [17]. Note that in 
the dispersive approach developed in ref. [11] one should take into account the next to 
leading corrections to the production amplitude in the multi-Regge kinematics which also 
can not be expressed in terms of the contracted diagrams. 
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